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PARAMETRIZATION OF DOMAINS IN C:
THE LOGARITHMIC DOMAINS

JOHANNES MICHALICEK AND RODOLFO WEHRHAHN

ABSTRACT. We prove a generalization of Riemann’s mapping theorem:
Every n-fold connected domain in C, whose boundary does not contain iso-
lated points, is conformal equivalent to a logarithmic domain. The logarithmic
domains are characterized by a Green’s function consisting of a finite sum of
logarithms.

1. INTRODUCTION

In this article we prove a generalization of Riemann’s mapping theorem. We
show that every n-fold connected domain in C (n > 2) with the property
that each boundary component consisting of more than one point is completely
characterized up to conformity by its system of Green’s parameters.

A system of Green’s parameters of a domain D (Definition 3.2) is deter-
mined by 3n — 4 real parameters. These parameters are given by the values
of the Green’s function of D and of a fixed branch of its conjugate harmonic
function taken at their n — 1 critical points. This number of real parameters is
the same as in the classical theory if we consider the free choice of the pole for
the Green’s function.

Using this parametrization for planar domains we can prove the main result
of this article, Theorem 5.1: The logarithmic domains form a “canonical family”
of domains; by this we mean that they form a complete set of representatives of
the equivalence classes with respect to conformity of n-fold connected domains
in C.

The logarithmic domains are those domains in C, whose Green’s function
consists of a finite sum of logarithms: » + 1 sum terms for rn-fold connected
domains (Definition 4.1).

The known results in this direction are summarized in a theorem given in
Walsh [1]:

Theorem. Let R be an infinite region with finite boundary B possessing a

Green’s function G(x,y) with pole at infinity. An arbitrary level locus B” can

be approximated by a lemniscate, in the sense that if & is arbitrary, 0 <d < pu,
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766 JOHANNES MICHALICEK AND RODOLFO WEHRHAHN

there exists a lemniscate A whose poles are exterior to R Py such that the in-
finite region bounded by A contains R, and is contained in R,_,. If B,
consists of m disjoint Jordan curves, so also does A .

Note that in this theorem the number of singularities of the lemniscate A is
not bounded.
We conclude by giving some applications to the main result.

2. BASIC DEFINITIONS

Let & be the set of all n-fold connected domains in C (n > 2) with the
property that each boundary component consists of more than one point. This
set can be divided into equivalence classes regarding conformity. We denote by
D, a set of representatives of these equivalence classes such that the boundary
of each D € D, consists of the union of n analytic curves. The existence of
such a system is well known.

We denote by G(-, z,) and H(-, z,), z, € D, 2z, # oo the Green’s func-
tion and its conjugate harmonic function. H(-, z;) is multiple valued and its
definition is not unique.

As in Walsh [2] we define for any fixed H(-, z;) the trajectories

iH

t,:=f{zeD|e M%) = e ", acR}.

the level lines
h :={zeD| e %) — o7 seR},

and the set of critical points of D
C(D):={w € D|grad G(z, z,)|,, = 0}.

A critical point w is of order k if

8'G(z, z,)
— 0 =0,
0z w
for/=1,...,k, and
k,+1
e o
32“’ w

Here 0G(z, z,)/0z means the Wirtinger derivative of G(, zy). One easily
checks that }°, cp Kk, =n—1.
We say that a trajectory ¢, leads from z, to Z if the set

THE) ZoTM Nz e D | Gz, 2) 2 G(Z, 2,)}) U{Z, z,}

is connected. There are at least k, + 1 trajectories from z; to a critical point
w of order k, . It may happen that one trajectory leads to different critical
points, say w,, ..., w,, | > 2. Choose w, in such a way that G(w,, z;) 2
G(wj ,2), J =2,...,1. In this case at least 2 trajectories from z, to the
critical points w Iz j > 1, are equal in a suitable neighbourhood of w Iz For

({zeD|e
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the following we will not distinguish between these trajectories. With respect to
this identification there are exactly k, + 1 trajectories from z, to w for all
w € C(D). In Walsh one can find a detailed description of the trajectories and
critical points.

For a domain D € D, we denote by T (D) the following set:

(D) —{ck 0,1 =5 /aG—ZiO—)daz}
k=1,..,n

The quantity ¢, is the harmonic measure of the boundary component y, .
A point p € D\C(D) is a regular point, if the set
T:={zeD\C(D)|H(z, z5) = H(p, z,)}
N{ze D\C(D) | G(z, zy) 2 G(p, z,)}
is connected for a suitable branch of H. We denote by R(D) the set of regular
points of D. R(D) is a dense open set in D and R(D) U {z,} is simply
connected.

For every D € D, we define the holomorphic function ¢ on a suitable
neighbourhood U of z, by

p:U—-K:={ze(||z| L1}, Ze

For the sake of definiteness we make the definition of H and hence of ¢
unique, requiring for the pole of ¢'l at 0 to be simple with positive residue.

The function ¢ defined on a neighbourhood U of z, can be uniquely ex-

tended to R(D) by its analytic continuation along the trajectories defined on

U and joining points in R(D). To define ¢ for all points of D we proceed as
follows: For z € D\R(D) we define

¢(Z) = {¢j(2)}j = {klirgo (o(zk) ' zk € R(D)’ kli.n;lo Zk = Z} 4

where, when necessary we use appropriated subsequences of (z,), .y to assure
the convergence of (¢(z;)),en -

For z € D\(R(D) U C(D)) the set {(pj(z)}j consists of two points. For
w € C(D) it consists of at least two points and is finite. Further for z € D\R(D)
we have for the values of ¢(z)

argq)j(z) - arg¢,'(z) = ZﬂZCk >
kes
where S is some subset of {1, ..., n} and ¢, € T(D).

—G(z,2y)—iH(z, z,)

3. THE GREEN’S PARAMETERS OF A DOMAIN D € D

Definition 3.1. Let w € C(D) be of order k,. A (k, + 1)-tuple Py =
(p,(w), ..., P +1(w)) of values of ¢ in w is called a tuple of Green s pa-
rameters for w, if the sets

{zeD|argp(z) = argg,(w), G(z, 2) > G(w, )by 4 .,
are different trajectories in every neighbourhood of w .
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Remark. Due to the ambiguity concerning the trajectories as discussed in §2,
there could exist more than one tuple of Green’s parameters for a critical point.
However, this ambiguity has no importance in our work.

Definition 3.2. The set Ppy = {(o[w]}wec( p) 1s called a system of Green’s pa-
rameters for (D, z,), if every tuple Pru is a tuple of Green’s parameters for
w.

We now prove that the systems of Green’s parameters completely characterize
the elements of D, . To this end we need some preliminary work.

Definition 3.3. Two points x,y € K := {z € C||z| < 1} with 0 < argx <
argy < 2m are adjoining if for each w € C(D) with |¢(w)| < min{|x|, |y|}
the interval [argx, argy] either contains all or none of the arguments of the
components of Ptw ](arg'K — [0, 2m)). We call a sequence of points in K,
(x ) jeN adjoining, if there is an N > 0 such that the elements X, j> N, are
pairwise adjoining.

Remark. We denote the interval between the arguments of the components
¢,(u) and ¢, (u) of Py € C(D) by
I

m(t) i ={a€[0,2n)|argy,(u) <a<argy, (u)}.
For u,ve C(D) and 1 <I,m< (k,+1), 1<1i,j>(k,+1) we have one
of the three possibilities: 1, (¥) N I,.j(v) =@ or I, (4N Iij(v) = 1, (u) or

I, (u)NI;w)=1,(v).

Lemma 3.1. A sequence (C ) jeN C € R(D) converges to a point in
D\(R(D)u C(D)) if and only zfthe sequence ((p(C )) en IS adjoining and its ac-
cumulation points are in the set {¢ (), ¢,({)} for some { € D\(R(D)UC(D)).
Proof. (A) Let (Cj)jeN converge to { with ¢({) = {9,({), ¢,({)} . Then the
sequence (go(Cj))jeN has its accumulation points in the set {¢,({), ¢,({)}.
Since ({;), .y converges and |g| is continuous we have

J’Jj€
jlirg(lco(cj)l) =, (O] = lo, (DI

Hence in order to prove the adjointness of (¢ (¢ ) jen We only need to consider
the critical points in

Ci(D) :={w e C(D) | [p(w)] < g, (DI}
We define the following sets:

U, :={z€R(D)|argp,({) <argp(z) <argp,({)},
U,:={ze R(D) |argg,({) < argp(z) < argg ({) + 27}.

The convergence of ({ ) jeN implies the existence of an N, > 0 such that
either C € U, or C € U for j > N,. By the remark above there is an
N, > N such that the property “adjomlng with respect to the critical points

w in C (D)Nt Nt is fulfilled. The other critical points of C.(D)

arg g, ({) arg ¢,(¢)
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lie either in U, or U,. Again due to the remark there exists an N > N, such
that the property “adjoining” with respect to these critical points is also fulfilled.
(B) Let (p(¢ j)) jeN be an adjoining sequence with accumulation points lying
in the set {¢,({), 9,({)}, with { € D\(R(D)UC(D)). the property “adjoining”
assures the existence of N > 0 such that for j > N all { ; lie in a compact set
U, where U contains exactly one point # with lim,__ ¢((;) = ¢(n). The
compactness of U and the continuity of ¢ then imply lim o0 4 ;=N

Proposition 3.1. Let M and N be two domainsin & . If M and N have the
same system of Green’s parameters, then they are conformal equivalent.

Proof. The map
W:R(M) = R(N), zw 9y 0p,(2)

is conformal on R(M). By the preceding lemma y can be continuously ex-
tended to a map from R(M)\C(M) to R(N)\C(N). By the reflection theorem
this extension is again conformal. Further, since the functions ¢,, and (o;ll
are bounded y can be extended to a conformal map from M to N.

Definition 3.4. Two domains D and E € D, are c-equivalent, if there is a
continuous bijective map f:K — K, f|,, homotopic to the identity such that
¢p[R(D)] = fo g [R(E)].

Definition 3.5. A c-equivalence class is called open, if it only contains domains
whose systems of Green’s parameters are such that the arguments of its compo-
nents are pairwise different. We call a surjective continuous function f:K — K
applicable if it is a uniform limit of bijective continuous maps, which are ho-
motopic to the identity, when restricted to K.

Definition 3.6. A domain D is in the closure of the open c-equivalence class ¥
if there is an applicable function f and a domain D € § such that ¢ plR(D)] =

fo q)B[R(ﬁ)]. Note that every domain D € D, lies in the closure of an open
c-equivalence class.

Definition 3.7. A tuple ¢ := (( {, ¢£))j=l,...,n—l € (Cz)"_1 is of parameteric
type if

(1) |¢)| <1 forall /=1,2and j=1,...,n—1.

(2) argg, # argg; forall /,k=1,2and j,i=1,...,n—1.

(3) For the intervals [ ;= (arg¢’ , argq&é) the following holds: I Nl =0,
or IjﬂIi=Ij,or Ijﬂlizli,where J,i=1,...,n—-1.

Remark. If D € D, lies in an open c-equivalence class, then its system of
Green’s parameters is a parametric type tuple.

The set {1,...,n— 1} can be partially ordered by the inclusion property
of the intervals I;’s: (i < j if I, Cc I, I, # ;). We call the numbers
¢; = A(Ij) — /1(Ui<j I1;) where A is the usual measure in 9K the residues of ¢.
For the system of Green’s parameters of a domain in an open c-equivalence
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class the ¢ ; ’s correspond to the harmonic measures of the boundary components
of the domain. Denote by R(¢) the complement in K of the set

(zeK|z=a¢),a€e[l,0),l=1,2andj=1,...,n—1}.
We extend the c-equivalence to the parametric type tuples.

Definition 3.8. Let ¢ and » be two parametric type tupels. We call ¢ and
n c-equivalent if there is a continuous bijective function f:K — K which is
homotopic to the identity on K such that R(¢) = f[R(n)].

4. THE LOGARITHMIC DOMAINS

We denote by A,, n > 2, the set of all functions L,

n

n
1;C—C,  zw —loglz|+cloglz— 1]+ cloglz—¢&],
Jj=2

with 0 <¢; <1 for j=1,...,n and ¢ =1,as wellas ¢, € C with

$#¢ for j #1[ and ¢ #0,1 for j=2,...,n.
For each ln € A, there exists a constant a € R such that the set

D,:={zeC|l[(z)>a}

is an n-fold connected domain, where its function ¢ as defined in §2 is given
by

(0(2) = az(z - l)_Cl H(Z _éj)‘Cjea’ |a| =L
Jj=2

Note that « is defined such that the pole in O of (o_' is simple with positive
residue.

Definition 4.1. An n-fold connected domain L C C is called logarithmic if
L={zeC|l/(z)>0} forsome [ €A, .

Lemma 4.1. Every n-fold connected domain D, = {z € C | [ (z) > a} is
conformal equivalent to a logarithmic domain.

Proof. Define a conformal map f:é —Cby f(0)=0, f(1)=1,and f(u) =
oo, for some u with [ (4) = a. Then the Green’s function of the domain

fID,] is

n
1(z)=—log|z| +c log|z— 1]+ _c;log|z = f(&)I-
j=2

The following definition of the system of Green’s parameters for the elements
of A, is by the preceding lemma compatible with Definition 3.2.
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Definition 4.2. Let Pp,) = {(p[w]}w ec,) be a system of Green’s parameters of
D, . The set

—a
0,1 = 2w wecw,)
is called a system of Green’s parameters of /, .
A function /, € A, belongs to a c-equivalence class of parametric type tuples
R if Pu) belongs to R. Two functions, /, and Tn belong to the same c-
equivalence class, if Py and (p[T"] are c-equivalent.

Let R be a fixed open c-equivalent class of functions /, € A, . Consider a
sequence (1: Jxen ©of function in R with

.k ~ .
klingoéj=r1jeC, j=2,...,n
Lemma 4.2. (1) If one n; =0, then for every k € N there is at least one critical
point w* of l,’f such that the sequence l,’f (wk) tends to infinity.

(2) If for one j > 2, ny=1orn =n, for j #1i and n, #ooVj, then for
every k € N there is at least one critical point w* of l,’f such that the sequence

llk l tends to infinity.
(3) If for one j > 2, n. = oo and n. # 0 V], then for every k € N there
J j

is at least one critical point w* of 1,': such that the sequence |l: (wk)l tends to
infinity.
(4) Let K >0€R, n,#0,1,00 forall j>2 with n #n, for j#Ii.If

Z, ¢ +c, =0, andif forall k > K, Z, ) jé + ¢, # 0, then there exists
a sequence (wk)kGN of critical points of ln such that lim,_, w* = 0o, hence
lim,__ IX(w*)=0.

Proof. (ad 1) Renumber the é in such a way that hmk_,ooé =0 for j <m,,

hmk_‘ooé € C\{0} for m| < j <m, and lim, ___ ék = oo for j > m,. The
sequence of functions

k k
sz(z) = —log|z| + ¢ log|z — 1| + Z c;log|z - &
2<j<m,

and the sequence of its derivatives converge uniformly in every compact set not
containing the points {0, 1, » It J=2,..., m,} to the function

sz(z):=—10g|z|<1- Z cj)+cllog|z—1|+ Z c;log|z —n,|

2<j<m, m <j<m,

or to its derivative respectively. This means that for a sufficiently small ¢ > 0
there is a K > 0 € R such that for all kK > K
(a) éf € U,(0) for 2< j<m, and éf ¢ U,(0) for j>m,.
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(b)
OFF (re")  F, (re') OF, (re')
. - . <eg and ——| <0
or or . ar ¢
for all a €0, 2n).
(c)
n C.

<e

D

J=my+1 z- éj

forall z € U,(0).
(d) |F,’:,2(z) ~F, ()] <¢ forall z€dU,(0).
Since the function 6Fm2 (z)/0z is holomorphic, by (a), (b), (c), and the theorem

of Rouché there is at least one critical point w* in U,(0) of the function l,'f
with

my
k, k . k
L (w") > 261(191(1]?(0) (—log|z| +c log|z — 1| +J§=_;cjloglz —éj|>.
As € — 00, lf(wk) tends to infinity according to (d).

(ad 2) Without loss of generality we just prove this lemma for 5, = n,_,
and n; # 0 Vj. By assumption 7, # oo Vj, hence the sequence of functions

[,'f (z) and the sequence of its derivatives converge uniformly in every compact

set not containing the points {0, 1, N, J= 2,...,n—1} to the function
[(z) = —log|z| + ¢, log|z — 1]
n—2
+ ch log|z —n|+(c,_; + c,) log|z —n,|
j=2

or to its derivative respectively. This means that for a sufficiently small ¢ > 0
there isa K > 0 € R such that for all £ > K

(a) éf € U,(n,) for at least two j’s.

(b)

k ia i
‘<6ln(re +r7")_6ln(re +77,,)> <e

or or

€

for all « €10, 2n).

(©) |L(2) = I5(z)| < ¢ forall zedU,(n).
Since the function 8/ (z)/dz is holomorphic, by (a), (b), and the theorem
of Rouché there is a critical point w* in U,(n,) of the function l: . For
sufficiently small ¢ > 0 we have

k
l < / .
0D S Bk )

Hence by (c) we have that |l:(wk)| tends to infinity as ¢ — 0.
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(ad 3) We renumber 7, such that n, € C for 2 < j<m and n; =00 for
j > m. The sequence of functions

m
k k
F,(z):=—log|z| +¢ log|z — 1|+ ) _ c;log|z — &|
j=1
and the sequence of its derivatives converge uniformly in every compact set not
containing the points {0, 1, T j=2,..., m} to the function

m
F,(z):=—log|z| +c log|z — 1| + ch log|z — njl
Jj=2
or to its derivative respectively. Hence there exists a sequence of critical points
@* of the functions F,ﬁ which converges to w € C, w # 0. Since the Wirtinger
derivative of 1,’: converges in the above-mentioned compact sets to the holomor-

phic function 0F, /0z, by the theorem of Rouché there exists a sequence of

k k . . k .
of /, which converges to w too. lim,_ _|/,| = oo yields

critical points w
. T
lim,_, |l (w")] =00

(ad 4) Since the w* ’s are the solutions of

alk(z)y -1

#_—__ z—1+Z

there are exactly n — 1 critical points of ln with order taken into account. By
the assumption

n
kll-Tol =1, =—log|z|+cllog|z—l|+22cjlog|z—-nj|
j=

exists. The critical points of /, are the solutions of 8/ (z)/0z = 0. Since
> j=2C;N; + ¢, = 0, we have at most n — 2 critical points with order taken
into account of / . This yields, by the theorem of Rouché, the existence of a

sequence of critical points w® of l,’f with lim, | wk = 0.

Lemma4.3. Let R be a c-equivalence class of parametric type tuples and ¢ € R .
Then R contains a function [, with

n
I,(z) = —log|z| + ¢, log|z = 1|+ ) ¢;log|z - ||
j=2

such that the c ;s correspond to the residues of ¢ .

Proof. We prove the lemma by induction. For n =2 the function
[, = —log|z| + ¢, log|z — 1| + ¢, log|z - 2|

has the desired property.
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Let n > 2. By renumbering the tuple ¢ we can obtain arg ¢{ ¢ (arg q&'l'_' ,
argq&;'_') forall /=1,2and j=1,...,n—-2. Denote by R the c-
equivalence class of the tuple

1 -2 -2
((argg, . argdy), ..., (argg; ~,argg) ).

By induction R, _, contains a function /,_,,

n—1

n—1
l,_,(z) = —log|z| +c'1 log|z — 1] + Zc;log|z —éj|.

j=2
According to the construction of R, _, we can assume without loss of generality
that c} = ¢ for j=1,...,n-2 and c:,_l = ¢, +c¢,_,. Denote by w;,
j=1,...,n—2, the critical points of /,_, and by ((p[w.]’ s Pp 2]) the
system of its Green’s parameters. Consider for r >0 € R and a € [0, 27) the
functions

n—1

Ii(z)= —log|z| +c log|z — 1|+ ) _c¢;log|z —¢&|
j=2

i
+c,loglz—¢&, | +re

5

and denote by w}’ its critical points. For every ¢ > 0O there is an r > 0 such
that for all « € [0, 27)

(a) |w, -wj<e.

(b) lp,(w;) - (pf’(w;’)| < ¢, for an adequate numbering of the critical points
w}', j=1,...,n=2,1=1,2..
Hence for sufficiently small ¢ > 0 the tuple (go;’“,;.] N (plw”n_zl) belongs for ev-

ery a € [0, 27) to R,_, . Choose now «, such that argg ' =argpo(w ).
For sufficiently small ¢ > 0 then /° lies in % and has the desired ¢;’s.

Denote by O the following set:

0:= {5:(52,...,én)eC"_'léjaéO,lVJ',
& #EVj#1, and chcj+c,¢o}.
j=2
Lemma 44. Let w,, | =1,...,n—1, be the critical points of

n
[(z) = —log|z| + ¢, log|z — 1 +chlog|z —éj|.
j=2
Then the following map is continuous:
w:0—-C" ', & (o (wy, ..., w,_ ),y 0, (W, ., w, ),

where o, denotes the symmetrical polynomial of order k .
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Proof. Since the w, ’s are the solutions of

_+z—l+zz—

we get
o, (W, ..., w,_)=Alg, (&, ... Sl
with 4 € C and ¢, = 1. Further, for k <n -2 we get
o (w,, ... ,wn_1)=A[ak+l(él, ank+l (S ,é v &)1
where

0 &5 8) =0 (&8ss 65 s 5 6)-
This shows the continuity of W .

5. CHARACTERIZATION OF K-FOLD CONNECTED DOMAINS IN C

Let |} be a c-equivalence class of parametric type tuples. Denote by
R(c,, ..., c,) the subset of R whose elements have residues equal to the ¢ ’s.
Note that R(c,, ..., ¢,) is connected.

By Lemma 4.3 there exists at least one function 13 ,

n
0 0
[,(z) = —log|z| +c log|z — 1| + E ¢;log|z - &;]
j=2

which belongs to R(c,, ..., ¢,). Hence the set

M= {(éz, &) €01 (z)=—log|z| +c log|z — 1]

n
+ chloglz -¢leRe, ..., cn)} ,

j=2
where O, defined at the end of §4, is not empty.

For every [, € R(c,, ..., c,) there exists by definition of the c-equivalence,
a bijective continuous function f:K — K, f|,x homotopic to the identity such
that ¢[R(L)] = fo (pO[R(LO)] , where L, L° are the n-fold connected domains
determined by /, and 1,? respectively, and where (po denotes the function ¢
corresponding to L°. Let Wy, .o, W be the critical points of the function
L,

n

n—1

n
L(z) = —log|z| +)_¢;log|z - &),
j=1
with ¢, =1 and (¢,,...,¢,)EM.
Set

F(w,) = f(P°(w))) € {9,(w,), p,(w,)}.
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Lemma 5.1. The function

V;M—»Cn-l, (éz,...,én)H((f(wl),---,(ﬁ(w,,_l))
is open.

Proof. By explicit calculation we obtain |det(dV,/d¢ j)| # 0. This yields the
openness of V.

Lemma 5.2. If the sequence of systems of Green’s parameters ((p[m) xen Of the

functions l,]f ,

n
k k
ln(z)=—log|z|+cllog|z—1|+E cjloglz——{j|,

J=2

all belonging to the c-equivalence class R, converges to a parametric type tuple
¢, then there exists a function I, with ¢, = ¢.

Proof. Without loss of generality we can assume that {;‘ converges to & i for all
J . From Lemma 4.2 and Lemma 4.4 it follows the existence of lim, _, l,]f =1,

n
1,(z) = —log|z| + ¢ log|z — 1]+ Y _¢;log|z =&,
j=2
with éjeC, éj;éé, for j #1 and éj;éO,l for j =2, ..., n such that the

system of Green’s parameters (¢[[k])k€N converges t0 ¢y, .

Proposition 5.1. The following map is surjective:
FZMém(Cl,...,Cn), (fz,n-,én)'_‘(ﬂ[/"],

where |, is determined by the ¢ ’s and the & ; ’s.
Proof. The values (])‘(wi) ,i=1,...,n—1, determine Py - Since M is not

empty, Lemma 5.1 and Lemma 5.2 together with the connectivity of
R(c,, ..., c,) yield the surjectivity of F.

Proposition 5.2. Let D € D, lie in the closure of an open c-equivalence class
T . Then there exists a function |, with the same system of Green's parameters,
Pu,) = Py

Proof. Since ¥ is open, the system of Green’s parameters of the elements of
% lie in a c-equivalence class of parametric type tuples 9R. By the definition
of the closure of an open c-equivalence class (Definition 3.6) there exists a

domain D with 95 € R and a sequence of bijective continuous functions

f K - K, fk |,x homotopic to the identity with uniform limit equal to the
surjective function f:K — K such that

vplR(D)] = lim F (9 G[RDN) = f o 95[RD)].
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By Proposition 5.1 there exists for every k a function l,’f € R with
oy = {05, 8)), S @5, @D}, . A (05,(B,_)), [ (95,(@,_))}).

According to Lemma 4.2 there exists for every sequence (l,’f Jken @ convergent

subsequence (1:"),( en With lim, | l,’f" =1[,, and Puy = lim, | Puky - But

by construction we have lim, Pucy = Py - This completes the proof.

Theorem 5.1. Every n-fold connected domain D € 2 is conformal equivalent
to a logarithmic domain.

Proof. Without loss of generality we can assume that the boundary consists of
analytic curves. According to Proposition 3.1 D is completely characterized
up to conformity by Py By Proposition 5.2 there exists a function /, whose
system of Green’s parameters is equal to ¢p)- Hence by Lemma 4.1 there
exists a logarithmic domain which is conformal equivalent to D .

6. APPLICATIONS

(a) The singularities of every Green’s function describing a planar domain
of finite connectivity can always be transformed by a conformal mapping into
logarithmic singularities.

(b) The logarithmic capacity [3] of the “holes” of the logarithmic domains
can trivially be calculated.

(c) In some problems there is no distinction between conformal equivalent
Laplace potentials. In these cases, the Green’s function of the logarithmic do-
mains allows for an analytical and computational treatment of all “really” dif-
ferent potentials.
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